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CONSTRUCTING OF CONSTRAINT PRESERVING SCHEME
FOR EINSTEIN EQUATIONS
TAKUYA TSUCHIYA AND GEN YONEDA
Abstract. We propose a new numerical scheme of evolution for the Einstein
equations using the discrete variational derivative method (DVDM). We de-
rive the discrete evolution equation of the constraint using this scheme and
show the constraint preserves in the discrete level. In addition, to confirm the
numerical stability using this scheme, we perform some numerical simulations
by discretized equations with the Crank-Nicolson scheme and with the new
scheme, and we find that the new discretized equations have better stability
than that of the Crank-Nicolson scheme.
1. Introduction
Recently, the gravitational waves which are the solutions of the Einstein equa-
tions and are the part of the most interesting astrophysical events were observed
by LIGO [1, 2]. Since the Einstein equations are sets of the nonlinear partial dif-
ferential equations with constraints, numerical calculations are the realistic tools
to study these equations for the actual physical events in the universe such as the
gravitational waves. Analyzing the Einstein equations numerically is called “nu-
merical relativity”, and these studies made a substantial contribution to observe the
gravitational wave events. These discoveries must open new physical fields to sur-
vey of lots of astrophysical events. Therefore, it is important to improve numerical
techniques to make high accuracy numerical results.
Although, there are some researches of the suitable numerical schemes of the Ein-
stein equations(e.g. [3]), it is not enough to perform precisely simulations. However,
it would be hardly to make best discretized equations of the Einstein equations be-
cause of the strong nonlinearity. In addition, some of the characteristics in the
continuous system are often lost in the process of transforming the continuous
equation to the discretized one. There are some discretized schemes of preserving
properties of the continuous equations. One of the schemes is the discrete varia-
tional derivative method (DVDM). DVDM was proposed and has been extended by
Furihata, Mori, Matsuo, and Yaguchi [4, 5, 6, 7, 8, 9], and this method is one of the
structure-preserving methods [10]. The method of formulating a discrete system
using DVDM is similar to the variational principle. In the variational principle,
we provide a function such as the Lagrangian density and can obtain a continu-
ous system using the functional derivative of the function. On the other hand, in
DVDM, we provide a discretized function of the Lagrangian density and can obtain
a discrete system using the discrete variational derivative. The Crank-Nicolson
scheme (CNS) and the Runge-Kutta scheme are general methods of discretizing
equations, and they often use in numerical relativity. On the other hand, DVDM
is a specific method of preserving constraints and diffusion characteristics in the
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continuous system. Since the Einstein equations include the constraints, DVDM
can provide a discretized Einstein equations with constraint preserving properties.
Before we try to make the discretized Einstein equations using DVDM, we stud-
ied the discretized Maxwell’s equations using the method because of the complexi-
ties of the Einstein equations[11]. Since the Maxwell’s equations are classified the
hyperbolic equations with constraints, the characters of the system are similar to
those of the Einstein equations. In [11], the authors studied the numerical stabili-
ties for the Maxwell’s equations using DVDM, and showed that DVDM is effective
to perform stable simulations in the system.
In this Letter, indices such as (i, j, k, · · · ) run from 1 to 3. We use the Einstein
convention of summation of repeated up-down indices.
2. DVDM
Now, we review the processes of the standard method of discretized equations
using general schemes and the new way using DVDM. The discrete values of the
variable u are defined as u
(n)
(k) . The upper index (n) and the lower index (k) denote
the time components and the space components, respectively. The details of this
are in Ref. [7]. We adopt only the canonical formulation in this Letter, so that
these processes are only shown in the case of the Hamiltonian density. First, we
introduce the process of the general case of constructing the discrete equations such
as CNS and the Runge-Kutta scheme. (A): We set a Hamiltonian density H(qi, p
i)
with the variable qi and the canonical conjugate momentum p
i. (B): The dynamical
equations are given as
q˙i =
δH
δpi
, p˙i = −δH
δqi
, (1)
then we discretize the continuous equations following the ideas of the schemes
such as CNS and the Runge-Kutta scheme. Next, the processes of discrete equa-
tions using DVDM are as follows: (A′): We set a discrete Hamiltonian density
H
(n)
(k)
(
qi
(n)
(k) , p
i(n)
(k)
)
with the discrete variable qi
(n)
(k) and the discrete canonical conju-
gate momentum pi
(n)
(k) . (B
′): The calculation of the discretized system using DVDM
is
qi
(n+1)
(k) − qi
(n)
(k)
∆t
=
δ̂H
δ̂(pi
(n+1)
(k) , p
i(n)
(k))
, (2)
pi
(n+1)
(k) − pi
(n)
(k)
∆t
= − δ̂H
δ̂(qi
(n+1)
(k) , qi
(n)
(k))
, (3)
where δ̂H/
(
δ̂(pi
(n+1)
(k) , p
i(n)
(k))
)
and δ̂H/
(
δ̂(qi
(n+1)
(k) , qi
(n)
(k))
)
are calculated as
H
(n+1)
(k) −H
(n)
(k) =
δ̂H
δ̂(pi
(n+1)
(k) , p
i(n)
(k))
(pi
(n+1)
(k) − pi
(n)
(k))
+
δ̂H
δ̂(qi
(n+1)
(k) , qi
(n)
(k))
(qi
(n+1)
(k) − qi
(n)
(k)). (4)
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3. Densitized ADM formulation of only t
The Lagrangian density of the Einstein equations is given by
LGR = α√γ(R−K2 +KijKij), (5)
where α is the lapse function, γ is the determinant of the three-metric γij , R is
the three-scalar curvature, Kij is the extrinsic curvature, and K = γ
ijKij . The
word GR means the General Relativity. With the variable γij and the canonical
momentum piij ≡ (δLGR)/(δ∂tγij), the Hamiltonian formulation of the Einstein
equations can be constructed. This formulation was given by Arnowitt, Deser, and
Misner (ADM) [12, 13]. This is the first successful decomposition of the Einstein
equations to space and time.
If we discretize the equations of the formulation with DVDM, we face to two
difficulties. First is discretizing of γ. The variational of γ in continuous case is
δγ = γγijδγij . (6)
It is hard to make the above relation in discretized case. Then, we use the conformal
transformation such as
γij = γγ˜ij ,Kij = γ
1/2K˜ij , α = γ
1/2α˜, (7)
to vanish γ in the Lagrangian density. These relations are derived from following
two conditions: (I) the Lagrangian density LGR does not include √γ, (II) the
evolution equation of γ˜ij does not include
√
γ. If these conditions are satisfied, the√
γ is not also included in the expression of the Hamiltonian density H˜GR derived
from the Legendre transformation of the Lagrangian density. Thus, the canonical
formulation using H˜GR does not include √γ. With (7), the Lagrangian density (5)
can be expressed as
L˜GR = α˜
{
R˜+ γ˜ij(∂iΓ˜
m
mj)− Γ˜mmiγ˜abΓ˜iab − 1
8
Γ˜mmiΓ˜
n
nj γ˜
ij − p˜i2 + p˜iij p˜iij
}
,
(8)
where R˜ is the scalar curvature of γ˜ij , Γ˜
ℓ
ij is the connection of γ˜ij , p˜i
ij is the
canonical momentum of γ˜ij , and p˜i ≡ γ˜ij p˜iij . Note that the expressions of LGR and
L˜GR are different, but they are same, that is to say LGR = L˜GR. The relation can
be derived in straightforward. Then the Hamiltonian density is defined as
H˜GR ≡ p˜iij(∂tγ˜ij)− L˜GR. (9)
Next is construction of suitable discretization of the R. This is defined as in con-
tinuous case such as
R =
1
2
γij(∂ℓΓ
ℓ
ij − ∂iΓℓiℓ + ΓℓmℓΓmij − ΓℓmiΓmjℓ), (10)
Γℓij ≡ 1
2
γℓm(∂iγmj + ∂jγmi − ∂mγij). (11)
Note that there are the same relations between R˜, Γ˜ℓij , and γ˜ij . This means that
the conformal transformation (7) does not overcome the difficulty of R. Therefore
we treat only t to simplify R in this Letter.
If H˜GR is the function of only t, the density can be expressed as
H˜GR = α˜(−p˜i2 + p˜iij p˜iij). (12)
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Then the evolution equations are
∂tγ˜ij ≡ δH˜
GR
δp˜iij
= −2α˜p˜iγ˜ij + 2α˜p˜iij , (13)
∂tp˜i
ij ≡ −δH˜
GR
δγ˜ij
= 2α˜p˜ip˜iij − 2α˜p˜imip˜imj , (14)
and the constraint equation is
H˜ ≡ −δH˜
GR
δα˜
= p˜i2 − p˜iij p˜iij . (15)
In the ADM formulation, the constraint values are the Hamiltonian constraint H
and the momentum constraintsMi, thus there are four constraints. However, there
is only one equation of constraint in the above set of equations. This is because we
treat the case of H˜GR = H˜GR(t). If we treat the case of H˜ = H˜GR(t, x, y, z), there
are four constraint equations in the new formulation.
The evolution equation of (15) can be derived as
∂tH˜ = 2p˜ip˜iij(∂tγ˜ij) + 2p˜iγ˜ij(∂tp˜iij)− 2p˜iij p˜iim(∂tγ˜jm)− 2p˜iij(∂tp˜iij)
= 2p˜ip˜iij(−2α˜p˜iγ˜ij + 2α˜p˜iij) + 2p˜iγ˜ij
(
2α˜p˜ip˜iij − 2α˜p˜imip˜imj
)
− 2p˜iij p˜iim(−2α˜p˜iγ˜jm + 2α˜p˜ijm)− 2p˜iij
(
2α˜p˜ip˜iij − 2α˜p˜imip˜imj
)
= 0, (16)
then the Hamiltonian constraint is satisfied in the evolutions. We call the evolution
equation of constraint as constraint propagation (CP).
4. Discretized equations
4.1. DVDM. We set the discrete Hamiltonian density as
H˜GR(n) ≡ α˜(n)
(
−(p˜i(n))2 + p˜iij(n)p˜iji(n)
)
, (17)
then, the discretized evolution equations with DVDM are
γ˜
(n+1)
ij − γ˜ij (n)
∆t
= α˜(n+1)
{
−(p˜i(n+1) + p˜i(n))γ˜ij(n) + 1
2
(p˜iℓi
(n+1) + p˜iℓi
(n))γ˜jℓ
(n)
+
1
2
(p˜iℓj
(n+1) + p˜iℓj
(n))γ˜iℓ
(n)
}
, (18)
p˜iij(n+1) − p˜iij (n)
∆t
= α˜(n+1)
{
(p˜i(n+1) + p˜i(n))p˜iij (n+1) − 1
2
(p˜iiℓ
(n+1) + p˜iiℓ
(n))p˜iℓj(n+1)
− 1
2
(p˜ijℓ
(n+1) + p˜ijℓ
(n))p˜iℓi(n+1)
}
. (19)
The above equations, (18)-(19), include asymmetric time components in each r.h.s.
to satisfy the discretized Hamiltonian constraint in the evolutions. Actually, the
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discretized CP is derived as
H˜(n+1) − H˜(n)
∆t
= (p˜i(n+1) + p˜i(n))p˜iij (n+1)
γ˜ij
(n+1) − γ˜ij(n)
∆t
+ (p˜i(n+1) + p˜i(n))γ˜ij
(n) p˜i
ij (n+1) − p˜iij(n)
∆t
− (p˜iiℓ(n+1) + p˜iiℓ(n))p˜iℓj(n+1) γ˜ij
(n+1) − γ˜ij (n)
∆t
− (p˜iℓj(n+1) + p˜iℓj(n))γ˜iℓ(n) p˜i
ij (n+1) − p˜iij (n)
∆t
= 0. (20)
Thus, the discretized CP of DVDM is the same as the continuous case.
4.2. Crank-Nicolson scheme. To compare with the numerical stability of the
discrete system using DVDM, we select the Crank-Nicolson scheme (CNS) which
is used in the numerical relativity. The discrete evolution equations with CNS are
γ˜ij
(n+1) − γ˜ij (n)
∆t
= −1
8
(α˜(n+1) + α˜(n))(p˜imn(n+1) + p˜imn(n))(γ˜mn
(n+1) + γ˜mn
(n))(γ˜ij
(n+1) + γ˜ij
(n))
+
1
8
(α˜(n+1) + α˜(n))(p˜imn(n+1) + p˜imn(n))(γ˜mi
(n+1) + γ˜mi
(n))(γ˜nj
(n+1) + γ˜nj
(n)),
(21)
p˜iij (n+1) − p˜iij(n)
∆t
=
1
8
(α˜(n+1) + α˜(n))(p˜imn(n+1) + p˜imn(n))(γ˜mn
(n+1) + γ˜mn
(n))(p˜iij (n+1) + p˜iij(n))
− 1
8
(α˜(n+1) + α˜(n))(p˜imi(n+1) + p˜imi(n))(p˜inj (n+1) + p˜inj(n))(γ˜mn
(n+1) + γ˜mn
(n)),
(22)
and the discretized CP with the scheme is
H˜(n+1) − H˜(n)
∆t
=
1
8
(α˜(n+1) + α˜(n))(p˜imn(n+1) + p˜imn(n))
{
− (p˜i(n+1) + p˜i(n))(p˜i(n+1) − p˜i(n))(γ˜mn(n+1) + γ˜mn(n))
+ (p˜i(n+1) + p˜i(n))(p˜iin
(n+1) − p˜iin(n))(γ˜mi(n+1) + γ˜mi(n))
+ (p˜iiℓ
(n+1) + p˜iiℓ
(n))(p˜iℓi
(n+1) − p˜iℓi(n))(γ˜mn(n+1) + γ˜mn(n))
− (p˜iiℓ(n+1) + p˜iiℓ(n))(γ˜nj (n+1) + γ˜nj(n))(p˜iℓj(n+1)γ˜mi(n+1) − p˜iℓj(n)γ˜mi(n))
}
.
(23)
This is not equal to zero in general because that the terms (p˜i(n+1)−p˜i(n)), (p˜iin(n+1)−
p˜iin
(n)), (p˜iℓi
(n+1) − p˜iℓi(n)), and (p˜iℓj(n+1)γ˜mi(n+1) − p˜iℓj(n)γ˜mi(n)) are not equal to
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zero. Therefore, the discrete constraint value of CNS would not be conserved in
the numerical simulations.
5. Numerical tests
We perform some simulations to study differences of the constraint violations
using the two schemes. Then, we adopt the initial condition as
ds2 = −dt2 + t−4/7dx2 + t6/7dy2 + t12/7dz2. (24)
This is the Kasner solution which is one of the exact solutions of the Einstein
equations. This solution expresses the expanding universe, and there is a singularity
at t = 0. Then the initial conditions of α, γij , and Kij are given by

α = 1,
γij = diag(t
−4/7, t6/7, t12/7),
Kij = diag((4/7)t
−11/7,−(6/7)t−1/7,−(12/7)t5/7),
(25)
and (25) using the relations of (7) becomes as

α˜ = t−1,
γ˜ij = diag(t
−18/7, t−8/7, t−2/7),
p˜iij = diag(−(2/7)t−54/7, (3/7)t−24/7, (6/7)t−6/7).
(26)
In addition, it is hardly to make constraint violations in the above condition. Then,
we add perturbations such as
γ11 = t
−4/7 + 0.05. (27)
We set the other conditions in these simulations such as
• initial time: t = 20.
• time steps: dt = 0.25.
• α(gauge condition) : exact solution of (26).
• boundary condition: periodic.
There are (n + 1) time step variables in the discretized evolution equations using
DVDM and CNS ((18)-(19) and (21)-(22), respectively). In the simulations, the
variables are calculated in iterative because of the nonlinearity, then we set the
numbers of times of iteration as fourth order in both schemes. Fig.1 is the constraint
violations using DVDM and CNS. In this Figure, the solid line which is drawn by
DVDM is horizontal, and the dotted line which is drawn by CNS is rising. This
means that the values of the constraint H˜ of DVDM is unchanged in the evolution.
On the other hand, that of CNS is increasing from the initial values. Therefore,
these results are consistent with the results of analyzing CP in Sec.4.
6. Summary
We derived suitable discretized equations of the Einstein equations using the
discrete variational derivative method (DVDM). In the process of the discretiza-
tion, there are two difficulties. One is the existence of the determinant of γij , γ,
in the Lagrangian density, and the other is the complexity of the scalar curvature
(3)R included in the density. For the existence of γ, we eliminated it by the confor-
mal transformation of the variables. For the complexity of (3)R, we restricted the
coordinate as only t. Then, we derived the discretized evolution equations of the
variables and the constraint in DVDM and the Crank-Nicolson scheme (CNS), and
showed the discrete constraint value of DVDM is conserved and the one of CNS
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Figure 1. Vertical axis means the violations of H˜ and horizontal
axis means time. The solid line is drawn by DVDM and the dotted
line is by CNS. The line of CNS is grow up after initial time. On
the other hand, the one of DVDM is horizontal in the simulations.
is not conserved. In addition, we performed some simulations by using DVDM
and CNS. Then, the constraint value using DVDM was conserved. On the other
hand, the value using CNS was not conserved. These results are consistent with
the analysis of the discretized evolution equations of the constraint using DVDM
and CNS. Therefore DVDM is the validity to perform stable simulations in the
numerical relativity.
In this Letter, we restricted the coordinates to simplify the complexities of the
scalar curvature R. To perform realistic simulations, we should handle the R in the
coordinates (t, x, y, z). In future work, we would like to study in the coordinates.
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